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We consider degenerate dynamical systems, DDSs in short, of the form:

A(x)ẋ = f(x), where x ∈ Rn, f is smooth, (1)

and x 7→ A(x) is a smooth �eld of n×nmatrices. The singular locus Z = {x ∈ Rn; det(A(x)) =
0} is assumed to be non empty but with empty interior.

This work follows a question asked by the Chilean physicist Jorge Zanelli (See [2]): is it
possible to classify systems (1) at singular points?

For this purpose we consider (1) as a di�erential inclusion ẋ ∈ Γ(x) in order to get solutions
inside or through Z. The main issue consists in correctly de�ning the sets Γ(x) at singular points.

A �rst attempt imitates Filippov's de�nition ([3]): The set Γf (p) is de�ned at p ∈ Z by

Γf (p) =
⋂
r>0

co {F (x) = A(x)−1f(x); x ∈ B(p, r) \ Z}.

It allows to solve (1) and to get solutions inside Z in simple cases.
However a detailed analysis of generic systems shows that Γf (p) = Rn at a generic point

p ∈ Z of such a system. The problem comes from the fact that in our case the vector �eld
F (x) = A−1(x)f(x) is unbounded though Filippov's theory deals with bounded discontinuous
vector �elds.

These drawback leads us to a di�erent de�nition thanks to which Γ(p) is, at a generic point
p ∈ Z of a generic system, a one-dimensional a�ne space. The direction of this space is given
by the vector �eld:

f̃(x) = Ã(x)f(x), where Ã(x)f(x) = (co A(x))T .

The vector �eld f̃(x) is well de�ned at all points of Rn, hence of Z, and allows to get the following
results:

� The intersection of Γ(p) with the tangent space to Z at p de�nes a vector �eld in an open
and dense subspace of Z.

� Generalized solutions may enter, leave, or remain in the singular locus.

� The trajectories ending at Z can be computed by reparametrization.

The result are �nally applied to the models of [2].
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